
Passivity:
- Consider

I - fcx,u) ✗ c- IR
"

A)
.

4- hcx,u) Yu C- IRM

where fco
, a) 20, hco , O ) - O

- CA) is passive if F a positive semidefinite

function 11cal ( Vcxi> o , Ucas -0) S.t.

storage
←

function Ñ salty
-

%_ fcxiu)

- output strictly passive :

is arty -4%4) where y%y) > o Hy-1-0

* Strictly passive

% c- WTY - Wcxl where Wcxl >o HX-10



properties.ofpassive-sys.ms :

L_emma66_ :

passive -7 Stable

with u - 0

proof :
UzDÑ 2- uiy - o ⇒ stable

t

-To have A. S . we need stranger conditions .

-
If the s.gs . is strictly passive, then

Ñ< it - Was --Waves 4- ✗to

- But we also need to make sure that

is positive - definite, it. Val > o HX -10

→ Strict passivity is only possible if I is p.cl.

- proof by contradiction



- Suppose 3×-40 St . VCI) -0

-
Start the sys at ✗cos - I . Then

④ cats ) 4-Wants

-3 Vaca) - Vcxcn ) E- Stwcxassds
-

o

VCII -0

• towards e- - Wach £0

- Because Was > o H✗&o
,
this is only

possible if Wcha,) - o & Acts - o Ht

⇒ I-0 :X:
- Therefore

,
llcx) is p.d. ✓

contradicts

Into

Lemma6:f_ Ca)

strict passive → A. S
.



-
Can we have A. S . if the sys is output

strictly passive ?

- Me need additional observability condition.

Defo. &) is

zero-stateobs-ahteifwhen.ie#oYct)--oHt-7Xct1-oH.t
Lemma 8.7 cb)
-

output strictly passive
+ Zero - state observable

⇒ A. S
.

proof:
↳ £ -4+44) where 4%47>0

Hy -10
-
We use LaSalle 's invariance principle

to sghnw A. So



- ✗cts → largest invariant set in E.{ ✗ 1 Ia) -o}
Ican ) - or -7 µÑ%YaD -o

-7 Yct ) -0
Zero - State obs .

⇒ ✗Cf ) - D ✓

- Me also need to show V is p.d. ,which

films from the same argument as before

for strict passivity .

Examples :
%
,
z ✗2

'

✗2- - a ✗? - K Xz + U

Y 2 ✗2

-
Q
, K > 0

- Take Van - 1- Xia *axi

-7 I - - Kxi *axe - KY! ay



@ output strictly passive .

-

To cheek zero - state obs .

Yet] -o -7 ✗2A) - O

⇒ ax?ct1 - o

-3 Act ) - o ✓

- Therefore
,
it is AS

.

- Actually , it is GAS because His radially
unbounded.

.



Passivitgtheoremg :

- Analyze stability of Feedback sys

using passivity of each sub -system

u+→q¥-f
> Yi

Ya→⇐o%m,+

nefpereue plant d → disturbance
- Eremite

¥.pt#f-..---$&-Y-*-,.lcmtnker
-
P is complicated

, but passive

- Design K based on same approximation

mfp-passiuitgohm-a.itK is Passive
,
then she FB

system is passive



9hm6.it :

- The feedback connection of two passive

systems , is passive .

pmof_ :

- It , and Hz are passive . Therefore 34mHz
sat

.

I
, e- EFY,
Issei 42

- Take V- V, ✗V2 . Then
,

I - ii. + rise eiyiaeiya

- Cui -4254 , + (U2-145142
- UFY, +UiYa

- Eun , vis [¥
,
] ⇒ passive

a-
+



stabilitgofFB.SI#.
-
If PA, and Hz are passive -7 FB is passive

Lem. i.r

⇐ stable

when u-D

- To have A. S
. We need the two sub sys .

to be either strictly passive or
output strictly passive and Zero -state obs .

Thm6.3-o.sn
For FB sys . with uzo . ✗- o is A. S if

a) both Sys are strictly passive
or

b) both sys are output sp. and zero-state obs.

or

c) me sys is strictly passive and the other one

is output S.p. and zero state obs.



proof for Cc) :
is
, & EFY ,

-My

insetYa - YIKYD

- Take I ⇐V1 + V2

is £

eiyixeiyz-W.co/-YFkxd-uTY-WicM.-yFkYD--WiHi)-YFYc4z
)

-

il - o -> Xi - o

4220 ⇒ ✗↳ ☐
}@A. S .



hz-stabilitgofFBsy.sn
We showed stability of ✗eo when we -0

- What if U are disturbances and we

want to show 4 is small if disturbances

are small . → L - stability

Thm→ :

-
Assume it , and Its satisfy

Ñ
, se?Y , - E. Meat-8,114,11

"

Ñz£eIYz - Ez Heit-82114112

for some storage functions V1
, V2

-
Then

, the FB sys is ↳- stable with finite

gain if
E, -18270 , Esto , 80

Note : The constants { i. dyi can be negative
special case: E, - Ez - 0 , d. , dq> 0 -7 Hi , Hz are

outputs . p .



proof of the special case & G-emma 6. 8)

Take V - V , ✗V2

• Is u+Y - 8,114112-8211Yell
?

& UTY - 8114 U2

where 8 -minced , , dz) 70

- using Nye ¥uuÑ*&MÑ
it I ⇒ Hulk - Cd .

- G) 114112

- Integrating with time

d- ;-) S.TN#iet&!-f.Tiuvidt+VcxD
•
Take a -8

,
then

UYH; ⇐ *Nuria f-Van

→ 114th
,
← f-Hull + Fica, → F÷¥Lg - Stable


